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1
ERROR-CORRECTION DECODING WITH
REDUCED MEMORY AND POWER
REQUIREMENTS

TECHNICAL FIELD

The present invention generally relates to error-correction
decoding and, more particularly, relates to error-correction
decoding with reduced memory and power requirements.

BACKGROUND

Error Correction Codes (ECCs) are commonly used in
communication and storage systems. Various physical phe-
nomena occurring both in communication channels and in
storage devices result in noise effects that corrupt the com-
municated or stored information. Error correction coding
schemes can be used for protecting the communicated or
stored information against the resulting errors. This is done
by encoding the information before transmission through the
communication channel or storage in the memory device. The
encoding process transforms an information bit sequence i
into a codeword v by adding redundancy to the information.
This redundancy can then be used in order to recover the
information from a corrupted codeword y through a decoding
process. An ECC decoder decodes the corrupted codeword y
and recovers a bit sequence that should be equal to the original
information bit sequence 1 with high probability.

Tterative coding schemes have become very popular in
recent years, due to their ability to achieve near Shannon limit
performance at low decoding complexity. One family of itera-
tive decoders operates on a code that may be defined using a
bipartite graph describing the interconnections between data
bits at bit nodes of the graph, and parity check equations at
check nodes of the graph. In this case, decoding can be
viewed as an iterative message passing over edges of the
graph connecting the bit nodes and check nodes.

One popular class of iterative codes is Low-Density Parity-
Check (LDPC) codes. An LDPC code is a linear binary block
code defined by a sparse parity-check matrix H. As shown in
FIG. 1, the code can also be defined by a sparse bipartite graph
G=(V, C,E)withasetV of N bitnodes (N=13in FIG. 1), a set
C of M check nodes (M=10 in FIG. 1) and a set E (E=38 in
FIG. 1) of edges connecting bit nodes to check nodes. The bit
nodes correspond to the codeword bits and the check nodes
correspond to parity-check constraints on the bits. A bit node
is connected by edges to the check nodes in which it partici-
pates.

LDPC codes can be decoded using iterative message pass-
ing decoding algorithms. These algorithms operate by
exchanging messages between bit nodes and check nodes
over the edges of the underlying bipartite graph representing
the code. The decoder is provided with initial estimates of the
codeword bits (based on the communication channel output
or based on the read memory content). These initial estimates
are refined and improved by imposing the parity-check con-
straints that the bits should satisfy as a valid codeword. This is
done by exchanging information between the bit nodes rep-
resenting the codeword bits and the check nodes representing
parity-check constraints on the codeword bits, using the mes-
sages that are passed along the graph edges.

Decoding algorithms may be divided into two categories,
namely soft decision decoding and hard-decision decoding.

Soft decision decoding is known to achieve results very
close to the Shannon limit of the channel. However, this
comes with a price in the form of computational complexity.

10

15

20

25

30

35

40

45

50

55

60

65

2

In soft decision decoding algorithms, it is common to uti-
lize “soft” bit estimations, which convey both the bit estima-
tion and the reliability of the estimation.

The bit estimations conveyed by the messages passed
along the graph edges can be expressed in various forms. A
common measure for expressing “soft” bit estimation is Log-
Likelihood Ratio (LLLLRs), which is defined in the following
equation:

®

Pr(v = 0| current constraints and observations)
LLR =10

Pr(v = 1 | current constraints and observations)

where the “current constraints and observations” are the vari-
ous parity-check constraints taken into account in computing
the message at hand, and the observations v correspond to the
bits participating in these parity checks. Without loss of gen-
erality, LLR notation is used throughout the rest of this docu-
ment. The sign of the LLR provides the bit estimation (i.e.,
positive LLR corresponds to v=0, and negative LLR corre-
sponds to v=1). The magnitude of the LLR provides the
reliability of the estimation (i.e., ILLRI=0 means that the
estimation is completely unreliable; and ILLR|=c means that
the estimation is completely reliable, and the bit value is
known).

Usually, the messages passed during the decoding opera-
tion along the graph edges between bit nodes and check nodes
are extrinsic. An extrinsic message m passed from a node non
edge e may take into account all the values received on edges
connected to n other than edge e (this is why it is called
extrinsic—it is based only on new information).

One example of a message passing decoding algorithm is
the belief-propagation (BP) algorithm, which is one of the
more common algorithms among this family of algorithms.

Let P, denote the initial decoder estimation for bit v, based
solely on the received or read symbol y, where P is a LLR
value that may be defined as follows:

Priv=0]y)
Priv=1]y)

2
P, =log @

Note that it is also possible that some of the bits are not
transmitted through the communication channel or stored in
the memory device; hence there is no y observation for these
bits. In this case, there are two possibilities:

First possibility: shortened bits. The bits are known a-priori
and P =xo0, depending on whether the bit is 0 or 1.

Second possibility: punctured bits. The bits are unknown
a-priori, where P,(v=0) and P,(v=1) are the a-priori probabili-
ties that the bit v is O or 1, respectively. Assuming the infor-
mation bits have equal a-priori probabilities to be 0 or 1, and
assuming the code is linear, then:

P, = log% =0 @

Let Q, denote the final decoder estimation for bit v, based
on the entire received or read sequence y, and assuming that
bit v is part of a codeword (i.e., assuming H-v=0), then:
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Priv=0|y, H-v=0)

o =01y, H-v=0) (C)]
v gPr(v:lly,H-v:O)

Q

Let Q,.and R, denote a message from bit node v to check
node ¢, and a message from check node ¢ to bit node v,
respectively, then a BP-algorithm utilizes the following
update rules for computing the messages.

The bit node to check node computation rule is:

Q=P+ » Ry ®)

/eNv,Ghe

v

Here N(n, G) denotes the set of neighbors of a node nin graph
G and c'eN(v, G)\c refers to the neighbors excluding node c.
The check node to bit node computation rule is:

©

B R

v eN(c,Glw

Here, ¢(x) and operations in the ¢-domain are performed over
the group {0, 1}xR+(this basically means that the summation
here is defined as summation over the magnitudes and XOR
over the signs). In a similar manner to equation (5), N(c, G)
denotes the set of bit node neighbors of a check node ¢ in
graph G, and v'eN(c, G)\wv refers to said neighbors excluding
node v.
The final decoder estimation for bit ‘v’ is:

Qy=P+ Z Ry ™

eNm,G)

A common feature ofthe soft decoding algorithm is that the
decisions are dependent upon the history of the decoding
iterations via equations (5), (6) and (7). The number of mes-
sages (for each iteration) in the soft decoding algorithm is
proportional to the number of edges of the graph. This
requires a large memory for storing the messages, or high
computational complexity.

Hard decision decoding algorithms are usually much sim-
pler than soft decision decoding algorithms, but do not per-
form as well. A typical class of hard decoding algorithms is
the Bit Flipping (BF) algorithms. Under BF, the computations
in each iteration are based on the current bit values are carried
out, and some of the bit values are flipped according to the
results of the computation. Only hard bit values are consid-
ered without assigning reliabilities to the bits.

For example, Majority Logic may be used for iteratively
decoding certain LDPC codes. Under Majority Logic, decod-
ing each iteration is associated with a specific bit. All the
parity check equations in which the bit participates are com-
puted. If the majority of the equations were not satisfied then
the bit value of the specific bit is flipped. If the majority of the
equations were satisfied then nothing is done in this iteration.

Many variants of both hard and soft decoding are found in
the literature, and they all follow the general schemes pre-
sented above. Soft decoding algorithms include reliability
measures together with bit values, the algorithms are more
complex than the hard decoding algorithms and they perform
better.
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4
BRIEF SUMMARY

In light of the foregoing background, example embodi-
ments of the present invention provide an improved apparatus
and method for error-correction decoding with reduced
memory and power requirements. Example embodiments of
the present invention may provide methods of'iterative decod-
ing of LDPC codes that include reliability measures together
with bit values, but that uses low complexity algorithms and
does not require large memory. The methods of example
embodiments of the present invention may be used to decode
LDPC codes with smaller memory and lower power hardware
than prior art decoders. This may be beneficial in many appli-
cations including flash memory systems which use LDPC
codes as their main error correction code and are typically
used in battery operated devices without connection to the
electric grid.

The method of one example embodiment may include
receiving a representation of a codeword that includes a plu-
rality of bits, and associating the bits with a respective plu-
rality of one-bit hard-bit values and multiple-bit soft-bit val-
ues. In this regard, the hard-bit values may be initially set
according to the representation of the codeword and represent
the bits of the codeword. And the soft-bit values may repre-
sent measures of reliability of respective hard-bit values.

The method may include updating at least some of the
hard-bit values or soft-bit values of the bits over a plurality of
iterations. In this regard, updating the hard-bit values or soft-
bit values may include for each of the iterations, computing an
updated hard-bit value or soft-bit value of one or more bits of
a respective subset of the bits as a function of current hard-bit
values of the bits of the subset, and the current hard-bit value
and soft-bit value of the respective bit. In accordance with this
aspect, consider two iterations in which the current hard-bit
value for each bit of a subset of the bits for both iterations is
the same, and in which the current soft-bit value for each bit
of the subset for both iterations is the same. For these two
iterations, the updated hard-bit/soft-bit value computed for
any bit of the subset during one of the two iterations is the
same as the updated hard-bit/soft-bit value computed for the
respective bit during the other of the two iterations.

In one example, computing the updated hard-bit/soft-bit
value of one or more bits of the subset of the bits may include
computing one or more update values for the subset ofthe bits
as a function of the current hard-bit values of the bits of the
subset, one of the update values being common to more than
one of the bits of the subset of bits. And in this example,
computing the updated hard-bit/soft-bit value may include
updating the hard-bit/soft-bit value of each bit of the subset of
the bits according to only an update value of the update
value(s), and the current hard-bit value and soft-bit value of
the respective bit.

In one example, the codeword is subject to a plurality of
parity-check equations each of which includes participating
bits corresponding to the bits of a respective subset of bits,
with each bit of the codeword participating in one or more
parity-check equations defining in number a degree of the bit.
In this example, computing one or more update values may
include computing one or more update values for the partici-
pating bits of a respective parity-check equation, with the bits
of the codeword over the plurality of iterations having a
plurality of update values. Also in this example, for the plu-
rality of iterations, a total storage for storing the hard-bit
values, soft-bit values and update values of the bits of the
codeword is proportional in number to the number of bits of
the codeword, and is fewer than the product of the number of
bits of the codeword and average degree of the bits of the
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codeword. Or for the plurality of iterations, the total storage
may be proportional in number to the sum of the number of
bits of the codeword and the number of parity-check equa-
tions of the codeword, and fewer than the product of the
number of bits of the codeword and average degree of the bits
of the codeword.

In one example, computing one or more update values
includes computing one update value common to all of the
bits of the subset of bits. And in this example, updating the
hard-bit/soft-bit value of each bit of the subset of the bits
comprises updating the hard-bit/soft-bit value according to
only the update value common to all of the bits, and the
current hard-bit value and soft-bit value of the respective bit.

In one example, computing one or more update values for
the subset of the bits includes computing a plurality of update
values less in number than bits of the subset of the bits, with
each bit of the subset of bits being associated with one of the
update values. And according to this example, updating the
hard-bit/soft-bit value of each bit of the subset of the bits
includes updating the hard-bit/soft-bit value according to
only the associated update value, and the current hard-bit
value and soft-bit value of the respective bit.

In one example, the bits of a subset of the bits are partici-
pating bits of a parity-check equation. In this example, com-
puting one or more update values includes computing one or
more update values for the participating bits of the parity-
check equation, with the update value(s) each reflecting
whether or not the parity-check equation is satisfied. Also in
this example, updating the hard-bit/soft-bit value includes
updating the hard-bit/soft-bit value of each participating bit of
the parity-check equation according to only an update value
of the update value(s), and the current hard-bit value and
soft-bit value of the respective bit.

In a further example, computing one or more update values
includes computing one or more update values each of which
reflects an increase in the current soft-bit value of the partici-
pating bits of the parity-check equation in an instance in
which the parity-check equation is satisfied, or a decrease in
the current soft-bit value of the participating bits of the parity-
check equation in an instance in which the parity-check equa-
tion is not satisfied. More particularly, for example, in one
instance the parity-check equation is satisfied. In this
instance, updating the hard-bit/soft-bit value of each partici-
pating bit of the parity-check equation includes maintaining
the current hard-bit value of the participating bit, and in an
instance in which the current soft-bit value of the participat-
ing bit is below a first threshold, computing an updated soft-
bit value by increasing the current soft-bit value. In another
instance, the parity-check equation is not satisfied. In this
instance, updating the hard-bit/soft-bit value of each partici-
pating bit of the parity-check equation includes computing an
updated soft-bit value of the participating bit by decreasing
the current soft-bit value of the participating bit in an instance
in which the current soft-bit value is below the first threshold.

Also in the instance that the parity-check equation is not
satisfied, updating the hard-bit value or soft-bit value of each
participating bit further includes computing an updated hard-
bit value for the participating bit by computing the logical
complement of the current hard-bit value of the participating
bit in an instance in which the updated soft-bit value of the
participating bit is below a second threshold. And in this
instance, updating the hard-bit/soft-bit value includes com-
puting a further updated soft-bit value for the participating bit
by computing the logical two’s complement of the updated
soft-bit value of the participating bit in the instance in which
the updated soft-bit value of the participating bit is below a
second threshold. Even further, computing the further
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updated soft-bit value may include subtracting a predefined
number from the logical two’s complement of the updated
soft-bit value.

In one example, one or more of the participating bits are
less reliable bits having soft-bit values indicating less reliabil-
ity than other participating bits. In this example, increasing
the current soft-bit value includes increasing the current soft-
bit value by a first number in an instance in which the partici-
pating bit is one of the less reliable bits, or otherwise increas-
ing the current soft-bit value by a second, different number.
Also in this example, decreasing the current soft-bit value
includes decreasing the current soft-bit value by a third num-
ber in an instance in which the participating bit is one of the
less reliable bits, or otherwise decreasing the current soft-bit
value by a fourth, different number.

In another example embodiment, a method may be pro-
vided that includes receiving a representation of a codeword
that includes a plurality of bits. The codeword is subjectto a
plurality of parity-check equations each of which includes
participating bits corresponding to a respective plurality of
the bits of the codeword, with each bit of the codeword
participating in one or more parity-check equations. Accord-
ing to this example, the method includes associating the bits
with a respective plurality of one-bit hard-bit values that are
initially set according to the representation of the codeword
and representing the bits of the codeword. And the method
includes updating at least some of the hard-bit values of the
bits over a plurality of iterations. In this regard, updating the
hard-bit values may include for each of the iterations, com-
puting for each bit the number of parity-check equation (s) in
which the bit participates that are not satisfied, and computing
an updated hard-bit value of a bit according to a current
hard-bit value of the bit and the number of the parity-check
equation (s) in which the bit participates that are not satisfied.

In one example, computing the updated hard-bit value of
the bit includes computing the logical complement of the
current hard-bit value of the bit in an instance in which the
number of the parity-check equation (s) in which the bit
participates that are not satisfied is above a predetermined
threshold.

Inone example, for each bit the parity-check equation (s) in
which the bit participates define in number a degree of the bit,
and in this example, the predetermined threshold is a function
of a degree of the bit, with bits of different degrees having
different predetermined thresholds.

Inone example, for each iteration, updating at least some of
the hard-bit values includes computing the updated hard-bit
value for only a less reliable one of the bits. In this example,
the respective less reliable bit may be identified according to
a comparison of reliabilities of the bits, where the reliability
of each bit may be computed as a function of the number of
the parity-check equation (s) in which the bit participates that
are not satisfied.

Inone example, for each bit the parity-check equation (s) in
which the bit participates define in number a degree of the bit,
and for each parity-check equation, the number of participat-
ing bits defines in number a degree of the parity-check equa-
tion. In this example, the reliability of each bit may be com-
puted further as a function of the degree of the bit, an average
degree of the parity-check equation (s) in which the bit par-
ticipates, and a probability of the bit to be in error.

BRIEF DESCRIPTION OF THE DRAWINGS

Having thus described the invention in general terms, ref-
erence will now be made to the accompanying drawings,
which are not necessarily drawn to scale, and wherein:
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FIG. 1 illustrates the equivalence between a parity check
matrix and a bipartite graph;

FIG. 2 is a schematic block diagram of one type of system
or apparatus that may benefit from example embodiments of
the present invention;

FIG. 3 is a schematic block diagram of a more particular
example of an apparatus embodied as a flash memory device,
according to example embodiments of the present invention;

FIG. 4 is a schematic block diagram of part of the flash
memory device of FIG. 3, more particularly illustrating the
controller according to one example embodiment;

FIG. 5 is a schematic block diagram of another more par-
ticular example of an apparatus embodied as a communica-
tion system, according to other example embodiments of the
present invention; and

FIGS. 6-11 are flowcharts illustrating various operations in
methods according to example embodiments of the present
invention.

DETAILED DESCRIPTION

Example embodiments of the present invention will now
be described more fully hereinafter with reference to the
accompanying drawings, in which some, but not all embodi-
ments of the invention are shown. Indeed, the invention may
be embodied in many different forms and should not be
construed as limited to the embodiments set forth herein;
rather, these embodiments are provided so that this disclosure
will satisfy applicable legal requirements. Like reference
numerals refer to like elements throughout. Reference may be
made herein to terms specific to a particular system, architec-
ture or the like, but it should be understood that example
embodiments of the present invention may be equally appli-
cable to other similar systems, architectures or the like.

FIG. 2 illustrates one type of system or apparatus 10 that
may benefit from example embodiments of the present inven-
tion. As shown, the apparatus may include an encoder 12,
computer-readable medium 14 and decoder 16. Generally,
the encoder is configured to receive and encode user data as
one or more codewords, and pass the codewords to the com-
puter-readable medium. The decoder, in turn, is configured to
receive a representation of the codeword from the computer-
readable medium and decode the codeword as a representa-
tion of the user data.

The encoder 12 and decoder 14 may be embodied as vari-
ous means for implementing the various functionalities of
example embodiments of the present invention. For example,
the encoder and decoder may be embodied as or otherwise
include one or more processors such as one or more of a
Microprocessor, a coprocessor, a controller, a special-purpose
integrated circuit such as, for example, an ASIC (application
specific integrated circuit), an FPGA (field programmable
gate array), DSP (digital signal processor), or a hardware
accelerator, processing circuitry or other similar hardware.
Even further, the encoder and decoder may include a plurality
of transistors, logic gates, a clock (e.g., oscillator), other
circuitry, and the like to facilitate performance of the func-
tionality described herein. In various examples, the encoder
and decoder may be embodied as hardware alone or in com-
bination with software. In this regard, either or both of the
encoder and decoder may be configured to execute instruc-
tions stored in a computer-readable storage medium.

The computer-readable medium 14 may be embodied as
various means for receiving data from the encoder 12, and
providing data to the decoder 16. More particularly, for
example, the computer-readable medium may be embodied
as a computer-readable storage medium, or a computer-read-
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8

able transmission medium such as signals propagating in a
channel of a communication system. In the context of a com-
puter-readable storage medium, the respective medium may
be non-transitory and include volatile and/or non-volatile
memory. Suitable examples of volatile memory include Ran-
dom Access Memory (RAM) including dynamic and/or static
RAM, on-chip or off-chip cache memory or the like. And
non-volatile memory may include embedded and/or remov-
able memory, and may include, for example, Read-Only
Memory (ROM), flash memory, magnetic storage devices,
optical disc drives or the like.

FIG. 3 illustrates a more particular example of an apparatus
embodied as a flash memory device, according to example
embodiments of the present invention. A memory cell array
18 that includes a plurality of memory cells arranged in a
matrix is controlled by a column control circuit 20, a row
control circuit 22, a c-source control circuit 24 and a c-p-well
control circuit 26. The column control circuit is connected to
bit lines (BL) of the memory cell array for reading data stored
in the memory cells of the array, for determining a state of the
memory cells of the array during a writing operation, and for
controlling potential levels of the bit lines to promote the
writing or to inhibit the writing. The row control circuit is
connected to word lines (WL) to select one of the word lines,
to apply read voltages, to apply writing voltages combined
with the bit line potential levels controlled by column control
circuit, and to apply an erase voltage coupled with a voltage of
a p-type region on which the memory cells of the array are
formed. The C-source control circuit controls a common
source line connected to the memory cells of the array. And
the c-p-well control circuit controls the c-p-well voltage.

The data stored in the memory cells of the array 18 are read
out by the column control circuit 20 and are output to external
1/0 lines via I/O data lines and a data input/output buffer 28.
Program data to be stored in the memory cells are input to the
data input/output buffer via the external I/O lines, and are
transferred to the column control circuit. The external 1/O
lines are connected to a controller 30.

Command data for controlling the flash memory device are
input to a command interface connected to external control
lines which are connected with the controller 30. The com-
mand data inform the flash memory of what operation is
requested. The input command is transferred to a state
machine 32 that controls the column control circuit 20, row
control circuit 22, c-source control circuit 24, c-p-well con-
trol circuit 26 and data input/output buffer 28. The state
machine can output a status data of the flash memory such as
READY/BUSY or PASS/FAIL.

The controller 30 is connected or connectable with a host
system such as a personal computer, laptop computer, tablet
computer, smartphone, digital camera, personal digital assis-
tant or the like. It is the host which initiates commands, such
as to store or read data to or from the memory array 18, and
provides or receives such data, respectively. The controller
converts such commands into command signals that can be
interpreted and executed by command circuits 34. The con-
troller also typically contains buffer memory for the user data
being written to or read from the memory array. A typical
memory device includes an integrated circuit chip 36 that
includes the controller, and one or more integrated circuit
chips 38 that each contains a memory array and associated
control, input/output and state machine circuits. However, the
memory array and controller circuits of such a device may
instead be integrated together on one or more integrated cir-
cuit chips. The memory device may be embedded as part of
the host system, or may be included in a memory card that is
removably insertable into a mating socket of host systems.
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Such a card may include the entire memory device, or the
controller and memory array, with associated peripheral cir-
cuits, may be provided in separate cards.

FIG. 4 is an enlarged view of part of FIG. 3, more particu-
larly illustrating the controller 30 according to one example
embodiment. As shown, the controller includes an encoder 40
for encoding user data received from the host as one or more
codewords, circuitry 42 for instructing the command circuits
34 to store the codewords (or only the non-punctured bits
thereof, if any of the bits of the codewords are punctured bits)
in the memory cell array 18 and for instructing the command
circuits to retrieve the stored codewords (or the stored por-
tions thereof in the punctured bit case) from the memory cell
array. As shown, the controller also includes a decoder 44 for
decoding a representation of the codewords as retrieved by
the circuitry 42.

FIG. 5 illustrates another more particular example of an
apparatus embodied as a communication system, according
to other example embodiments of the present invention. As
shown, the communication system includes a transmitter 46
and a receiver 48 that communicate across a channel 50. As
shown, the transmitter includes an encoder 52 and a modula-
tor 54. The receiver includes a demodulator 56 and decoder
58. The encoder receives a message and generates a corre-
sponding codeword. The modulator subjects the generated
codeword to a digital modulation such as BPSK, QPSK,
multi-valued QAM or OFDM, and transmits the resulting
modulated signal to the receiver via the channel. At the
receiver, the demodulator receives the modulated signal from
the channel and subjects the received modulated signal to a
digital demodulation such as BPSK, QPSK or multi-valued
QAM. And the decoder decodes the resulting representation
of the original codeword.

Example embodiments of the present invention provide
apparatuses and methods for decoding a representation of a
codeword. Example embodiments may be described in the
context of LDPC coding, but it should be understood that
example embodiments may be equally applicable to other
iterative decoders for binary codes that satisfy the basic
requirements of the method.

FIG. 6 illustrates a flowchart of various operations in a
method of decoding a representation of a codeword, in accor-
dance with example embodiments of the present invention.
And FIGS. 7 and 8 illustrate two more particular example
embodiments of the present invention, which at times may be
referred to herein as “low power basic” (LPB) (FIG. 7) and
“low power improved” (LPI) (FIG. 8). Generally, these
example embodiments may be compatible in terms of their
data path (message passing schedule) with full-power soft
decoding algorithms such as the BP algorithm.

The method may include receiving a representation of a
codeword that includes a plurality of bits (e.g., from com-
puter-readable medium 14), and associating the bits with a
respective plurality of one-bit hard-bit values and multiple-bit
soft-bit values. In this regard, the hard-bit values may be
initially set according to the representation of the codeword
and represent the bits of the codeword. And the soft-bit values
may represent measures of reliability of respective hard-bit
values.

As shown in block 60, for example, a message of pre-
defined bits in sign-magnitude representation may be
attached to each bit of the codeword. This representation may
include one sign-bit representing the hard value of the bit, and
include an L-bit soft-bit value representing the reliability
measure of the bit. In one example, the representation may be
a four-bit sign-magnitude representation, including the one
sign-bit and three-bit (L.=3) soft-bit value that may be from 0
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to 7 (binary 000 to 111). As shown in block 62, each bit may
be initialized with a hard bit according to the received value of
the bit and assigned a reliability measure, which may be
predefined (e.g., 2 or 3) or a function of the initial received
value.

The method may include updating at least some of the
hard-bit values or soft-bit values of the bits over a plurality of
iterations. In this regard, updating the hard-bit values or soft-
bit values may include for each of the iterations, computing an
updated hard-bit value or soft-bit value of one or more bits of
a respective subset of the bits as a function of current hard-bit
values of the bits of the subset, and the current hard-bit value
and soft-bit value of the respective bit. In one example, the
codeword is subject to a plurality of parity-check equations
each of which includes participating bits corresponding to the
bits of a respective subset of bits, with each bit of the code-
word participating in one or more parity-check equations
defining in number a degree of the bit. Thus, as shown in
blocks 64 and 66, for each iteration, a different parity-check
equation may be chosen and checked as to whether or not the
parity-check equation is satisfied.

In one example, one or more update values may be com-
puted for the subset as a function of the current hard-bit values
of'the bits of the subset, and the hard-bit/soft-bit value of each
bit of the subset may be updated according to only an update
value of the update value(s), and the current hard-bit value
and soft-bit value of the respective bit. More particularly, for
example, the update value(s) may be computed for the par-
ticipating bits of a respective parity-check equation, with the
bits of the codeword over the plurality of iterations having a
plurality of update values. In this example, one of the update
values may be common to more than one of the bits of the
subset of bits. And for the plurality of iterations, a total stor-
age for storing the hard-bit values, soft-bit values and update
values of the bits of the codeword may be proportional in
number to the number of bits of the codeword, and is fewer
than the product of the number of bits of the codeword and
average degree of the bits of the codeword.

Consider two iterations in which the current hard-bit value
for each bit of a subset of the bits for both iterations is the
same, and in which the current soft-bit value for each bit ofthe
subset for both iterations is the same. For these two iterations,
the updated hard-bit/soft-bit value computed for any bit of the
subset during one of the two iterations is the same as the
updated hard-bit/soft-bit value computed for the respective
bit during the other of the two iterations.

The update value(s) may each reflect whether or not a
parity-check equation is satisfied, with the hard-bit/soft-bit
value of each participating bit of the parity-check equation
being updated according to only an update value of the update
value(s), and the current hard-bit value and soft-bit value of
the respective bit. As shown in blocks 68, 70 and 72, for
example, update value(s) in the form of low-complexity mes-
sage(s) may be computed for each bit for updating its hard-bit
value or soft-bit value according to the success or failure of
the parity check equation. In various examples, the number of
different update messages for each parity check equation may
be limited to no more than two or three different messages.
And in various examples, the total number of different mes-
sages may be less than or equal to (i.e., not more than) twice
or three times the number of parity-check equations, and the
total number of parameters used for computing the messages
may be less than or equal to the sum of the number of bits and
the number of parity check equations.

Turning now more particularly to the LPB and LPI
example embodiments of FIGS. 7 and 8, in LPB, one update
value common to all of the bits of the subset may be com-
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puted, with the hard-bit/soft-bit value being updated accord-
ing to only the update value common to all of the bits, and the
current hard-bit value and soft-bit value of the respective bit.
InLPI, a plurality of update values may be computed, with the
update values being less in number than bits of the subset of
the bits, and with each bit of the subset of bits being associated
with one of the update values. In LPI, the hard-bit/soft-bit
value may be updated according to only the associated update
value, and the current hard-bit value and soft-bit value of the
respective bit. By the aforementioned, LPI may compute
different update values depending on differences between the
bits—such as those bits that have soft-bit values indicating
less reliability of the respective bits than others of the bits.

In one example, each of the update values may reflect an
increase in the current soft-bit value of the participating bits in
an instance in which the parity-check equation is satisfied, or
a decrease in the current soft-bit value of the participating bits
in an instance in which the parity-check equation is not sat-
isfied. Thus, in a first instance the parity-check equation is
satisfied, and each update value may reflect an increase in the
current soft-bit value; and in a second instance the parity-
check equation is not satisfied, and each update value may
reflect a decrease in the current soft-bit value.

For each participating bit in the first instance (parity-check
equation satisfied), the current hard-bit value of the partici-
pating bit may be maintained, and an updated soft-bit value
may be computed by increasing the current soft-bit value in
an instance in which the current soft-bit value of the partici-
pating bit is below a first threshold. In one example according
to LPB, the soft-bit values of those bits whose soft-bit values
are less than the maximum possible soft-bit value (e.g.,
7)—this condition at times being referred to as “saturation”—
may be increased by a number N (e.g., N=1), as shown in
block 74. In this regard, in these and a number of other
example embodiments, a bit whose soft-bit value is in satu-
ration may be considered reliable, and may therefore remain
at its current hard-bit value and soft-bit value in the current
and subsequent iterations.

For each participating bit in the second instance (parity-
check equation not satisfied), an updated soft-bit value of the
participating bit may be computed by decreasing the current
soft-bit value of the participating bit in an instance in which
the current soft-bit value is below the first threshold. Also in
the second instance, an updated hard-bit value for the partici-
pating bit may be computed by computing the logical
complement of the current hard-bit value of the participating
bit in an instance in which the updated (decreased) soft-bit
value of the participating bit is below a second threshold. Also
in this instance, the soft-bit value of the participating bit may
be further updated by computing the logical two’s comple-
ment of the updated (decreased) soft-bit value, which may
optionally further include subtracting a predefined number
from the logical two’s complement.

In one example according to LPB, the soft-bit values of
those bits whose soft-bit values are not in saturation may be
decreased by a number N (e.g., N=1), as shown in block 76.
For any participating bit whose soft-bit value after the afore-
mentioned update is negative, its hard-bit value may be
updated by computing the logical complement of the hard-bit
value (flipping its value). And in this instance, its soft-bit
value may be further updated by computing the logical two’s
complement of the soft-bit value (flipping its sign), which
may optionally further include subtracting a predefined num-
ber (e.g., 1) from the flipped value. These operations are
shown in block 78.

Inthese LPB example embodiments, the update message to
increase or decrease the soft-bit values of the participating
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bits may be common to all of the participating bits of the same
parity check equation. If the parity-check equation is also
considered a check-node, this observation may mean that the
messages passing from the check-nodes to the bit-nodes are a
function of the check-node alone and not a function of the
edge connecting a bit-node to a check-node. Further, the only
memory requirement to carry out the iterations of LPB may
beto store one bit per check-node indicating success or failure
of the check node. Accordingly, the total memory require-
ment for this example embodiment may be of the size of the
bit-nodes (for storing bit reliabilities) plus a memory propor-
tional to the size of the check-nodes (for storing a one-bit
success/failure indication). Optionally in the case of LPB, the
one-bit success/failure indication may be immediately used
for computing the update of a particular iteration, and there
may be no need to store the success/failure indications for the
parity-check equations. In this case, the total memory
requirement may be reduced to the size of the bit-nodes alone.

In other example embodiments, in the first instance (parity-
check equation satisfied), the current soft-bit value may be
increased by a first number in an instance in which the par-
ticipating bit is one of the less reliable bits, or otherwise
increased by a second, different number. Similarly, in the
second instance (parity-check equation not satisfied), the cur-
rent soft-bit value may be decreased by a third number in an
instance in which the participating bit is one of the less reli-
able bits, or otherwise decreased by a fourth, different num-
ber.

In one example according to LPI, in the first instance, the
soft-bit values of the less-reliable bits whose soft-bit values
are not in saturation may be increased by a first number N,
and the soft-bit values of the other bits whose soft-bit values
are not in saturation may be increased by a second, different
number N, as shown in blocks 80 and 82. In this example, in
the second instance, the soft-bit values of the less-reliable bits
may be decreased by a third number N;, and the soft-bit
values of the other bits whose soft-bit values are not in satu-
ration may be decreased by a fourth, different number N, as
shown in blocks 84 and 86. Similar to before, for any partici-
pating bit whose soft-bit value after the aforementioned
update is negative, its hard-bit value may be updated by
computing the logical complement of the hard-bit value (flip-
ping its value). And in this instance, its soft-bit value may be
further updated by computing the logical two’s complement
of the soft-bit value (flipping its sign), which may optionally
further include subtracting a predefined number (e.g., 1) from
the logical two’s complement. These operations are shown in
block 88.

In the aforementioned example, each of the first through
fourth numbers N, N,, N5 and N, may be selected in any of
anumber of different manners, and may be static or dynamic
over the plurality of iterations. In one example, the first
through fourth numbers may be set as functions of the least-
reliable soft-bit value (denoted “Minl1”) and the next-least-
reliable soft-bit value (denoted “Min2”) of the participating
bits. More particularly, for example, the first and third num-
bers (by which the soft-bit values of the less reliable partici-
pating bits are increased or decreased) may be set as a func-
tion of Min2, and the second and fourth numbers (by which
the soft-bit values of the other participating bits are increased
or decreased) may be set as a function of Minl. In these
examples, the function of Minl may be set so as to provide a
smaller increase/decrease than the function of Min2, and the
function of Min2 may be such that a higher Min2 results in a
larger increase/decrease than a lower Min2.

For the case of LPI with L=3 (number of soft-bits), in one
example, the aforementioned functions of Minl (or Min2)
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may be specified as follows. In an instance in which Min1 (or
Min2) is 0, the respective numbers may be set to 0. In an
instance in which Min1 (or Min2) is in the range from 1 to 3,
the respective numbers may be set to 1. And in an instance in
which Min1 (or Min2) is in the range from 4 to 7, the respec-
tive numbers may be set to 4.

In accordance with the L.PI example embodiments, in order
to change a parity check equation from un-satisfied to satis-
fied, it may be enough to flip one bit; and the least reliable bit
may be a natural candidate for the bit to flip. In this regard, the
change in the reliability measure of the least reliable bit may
be a function of a reliability of another of the participating
bits. In an instance in which all the other bits are fully reliable,
the value of the least reliable bit may be computed, and its
reliability updated to maximal reliability. But in an instance in
which at least one of the bits (the next-least-reliable bit) has a
lower reliability measure, updating the reliability of the least
reliable bit may take this into account. Similarly updating the
reliabilities of the other bits may mainly depend on the reli-
ability of the least reliable bit.

Similar to the LPB example embodiments, the LPI
example embodiments may also require only minimal
memory at the check nodes, (if the parity check equations are
identified with check-nodes). The message of: “increase the
reliability measure by a first (second) number” may be easily
computed by performing a minimum operation on the soft-bit
values of all the bits other than the least-reliable bit to which
the message is sent. To compute such a message, the check-
node may rely on the stored values of the bit nodes without
relying on additional memory. And as this message may only
beused for the current iteration, there may be not need to store
the message. The memory requirement may reduce to an
amount of memory that is proportional to the size of the
bit-nodes. Optionally, however, one may additionally use
memory proportional to the size of the check-nodes for stor-
ing a one-bit indication of success or failure of the parity-
check equation. Another requirement may be for a small
circuit for computing the minimum of the incoming bit reli-
abilities.

In any of the aforementioned example embodiments, a
plurality of iterations may be performed for the parity-check
equations, with some iterations operating on the same parity-
check equation, as shown in block 90. In this regard, the
iterations may continue until all of the parity-check equations
are satisfied (not necessarily when all of the soft-bit values are
at their maximum), or until a predefined number of iterations
has been performed without achieving satisfaction of all of
the parity-check equations, at which point failure may be
declared.

Also in the aforementioned example embodiments, the
data path and schedule of selecting the parity check equations
may also be used for a corresponding full-power decoder
implementing the belief propagation equations presented in
the background section. In this way, the same decoder hard-
ware used for the low power decoding of example embodi-
ments may be reused for full-power decoding. Due to the
simplicity of the operations, significant savings may be
achieved in terms of power consumption. The simplicity of
the operations may cause the decoder to converge slower than
a full-power decoder, but even in this instance, the latency
does not significantly increase.

It should be appreciated that a number of variations of the
aforementioned example embodiments may be implemented
so as to achieve one or more of the benefits of those embodi-
ments. A number of these variations according to other
example embodiments are described below.
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FIG. 9 illustrates a flowchart of various operations in a
method of decoding a representation of a codeword, in accor-
dance with other example embodiments of the present inven-
tion. And FIGS. 10 and 11 illustrate two more particular
example embodiments of the present invention, which at
times may be referred to herein as “flooding bit flip” (FIG. 10)
and “least reliable bit flip” (FIG. 11). Similar to before, a
full-power decoder implementing belief propagation may
reuse at least part of the hardware of a decoder implementing
these example embodiments.

The method may include receiving a representation of a
codeword that includes a plurality of bits (e.g., from com-
puter-readable medium 14). Each of the bits may be associ-
ated with a respective plurality of one-bit hard-bit values that
are initially set according to the representation of the code-
word and representing the bits of the codeword, as shown in
block 92. Similar to before, the codeword is subject to a
plurality of parity-check equations each of which includes
participating bits corresponding to a respective plurality of
the bits of the codeword, with each bit of the codeword
participating in one or more parity-check equations.

The method may also include updating at least some of the
hard-bit values of the bits over a plurality of iterations. In this
regard, updating the hard-bit values may include for each of
the iterations, computing for each bit and in number the
parity-check equation (s) in which the bit participates that are
not satisfied. And updating the hard-bit values may include
computing an updated hard-bit value of one or more of the
bits according to current hard-bit value(s) of the bit(s) and the
number of the parity-check equation (s) in which the bit(s)
participates that are not satisfied.

As shown in block 94, for example, the parity-check equa-
tions may all be checked as to whether or not the parity-check
equations are satisfied. For each bit of the codeword partici-
pating in one or more parity-check equations, the number of
the respective parity-check equation (s) that are not satisfied
may be computed. The hard-bit value(s) of bit(s) of the code-
word may then be updated according to one or more of the
numbers of parity-check equations that are not satisfied, as
shown in block 96.

The hard-bit value(s) may be updated in any of a number of
different manners. In one example according to flooding bit
flip, for each bit, the number of its parity-check equations that
are not satisfied may be compared to a predetermined thresh-
o0ld, as shown in block 98. In this example, the updated hard-
bit value of a bit may be computed by computing the logical
complement of the current hard-bit value of the bit in an
instance in which the number of non-satisfied parity-check
equations is above the predetermined threshold, as shown in
block 100. In one example, the hard-bit value(s) of the appro-
priate bits may be computed (hard-bit values updated) simul-
taneously (flooding schedule) or otherwise before continuing
to a next iteration.

For each bit the parity-check equation (s) in which the bit
participates define in number a degree of the bit. In one
example, the predetermined threshold may be a function of a
degree of the bit, with bits of different degrees having difter-
ent predetermined thresholds. Additionally or alternatively,
the predetermined may be a function of the number of the
iteration in the plurality of iterations (e.g., first iteration,
second iteration, etc.). In one example, the first iteration may
use higher thresholds so only bits with high probability to be
in error will be flipped.

In one more particular example, the predetermined thresh-
olds over three iterations may be set as follows:
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Bit degree (d)
d=2 d=3 d=4 d=12
Iteration 1 3 4 4 8
Tteration 2 2 3 3 8
Iteration 3 2 3 2 8

In another similar example, the threshold for the bits with
degree four may be increased in the third iteration, such as
follows:

Bit degree (d)

d=2 d=3 d=4 d=12
Iteration 1 3 4 4 8
Tteration 2 2 3 3 8
Iteration 3 2 3 4 8

Notably, the above example presumes correction codes with
bits of only degree 2, 3, 4 and 12. The above example also
presumes that the codeword includes at least one bit from
each of the respective degrees, and that there are at least
twelve parity-check equations (owing to the existence of at
least one bit of degree 12).

Another example of updating the hard-bit value(s) is
shown in FIG. 11 according to the least reliable bit flip
example embodiment. According to this example embodi-
ment, for each iteration, an updated hard-bit value may be
computed for only a less reliable one of the bits. As shown in
blocks 102 and 104, then, reliabilities of the bits may be
computed and compared to identify a less-reliable bit—or in
one more particular example, the least-reliable bit. The
updated hard-bit value of the least-reliable bit may then be
computed by computing the logical complement of the cur-
rent hard-bit value of the respective bit, as shown in block
106.

In instances in which more than one bit has the same low
reliability, the bit with the highest degree may be selected as
the bit whose hard-bit value is updated. According to another
example, the bit whose hard-bit value is updated may be
selected from the bits with the highest degree, such that the
sum of the number of non-satisfied parity-check equations of
its neighboring bits (variable node with distance of two edges
from the variable node that represent the specific bit) is the
smallest. In case of a tie between two bits whose parameters
are all equal, the bit whose hard-bit value is updated may be
randomly or pseudo-randomly selected.

In one example, the reliability of a bit b may be computed
as a function of the bits’ respective number of non-satisfied
parity check equations, i,. The reliability of the bit may be
further computed as a function of the degree of the bit, d,, an
average degree of the parity-check equation (s) in which the
bit participates, d,, and a probability of the bit to be in error p,,.
Written notationally according to one example embodiment,
the reliability of a bit, r,, may be computed as follows:

. | g( Pr(S}, is correct/ i, unsatisfied checks, dy,, d,, py) ] (8)
Tolip) =lo Pr(S} is incorrect/ i, unsatisfied checks, dj, dp, py) /

which may be estimated as follows:

15

20

25

40

55

65

16

_ dp-1 ©
Pb ) +(dy - Zib)'log(il + 4 =2p)% ]

1-
rplip) = log(
v b 1= (1= 2pp)% !

The probability of a bit to be in error may be computed in
anumber of different manners. In one example, an estimation
of the error probability may be computed as follows:

1 (10)
L 1= -2p%
PoEpp=—"F "

In the preceding, q represents an estimated probability that a
parity-check equation is non-satisfied, which may be calcu-
lated as follows:

an

W
=y

where W represents the syndrome weight (number of non-
satisfied parity-check equations), and M represents the num-
ber of parity-check equations.

In any of the aforementioned example embodiments of
FIGS. 9-11, aplurality of iterations may be performed for the
parity-check equations, as shown in block 108. In this regard,
the iterations may continue for a predetermined number of
iterations, or for a number of iterations that may be computed
as a function of the average number of errors, or as a function
of the number of non-satisfied parity-check equations (the
syndrome weight).

The method of example embodiments of the present inven-
tion may generally be used in lieu of other full-power decod-
ing algorithms such as belief propagation. In various
instances, however, it may be beneficial to selectively imple-
ment the method of example embodiments and a full-power
decoding algorithm, such as depending on the quality of the
computer-readable medium 14. For example, it may be ben-
eficial to implement the method of example embodiments
from production of a computer-readable storage medium, but
later during the lifetime of the storage medium after some
degradation, perform the full-power decoding algorithm.
Also for example, it may be beneficial to implement the
method of example embodiments in instances in which a
computer-readable transmission medium is judged to have
low degradation, but during periods of higher degradation,
perform the full-power decoding algorithm.

According to one aspect of the example embodiments of
present invention, functions, such as those illustrated by the
flowcharts of FIGS. 6-11, performed by the system or appa-
ratus 10 (FIG. 2), such as a flash memory device (FIGS. 3, 4)
or communication system (FIG. 5), may be performed by
various means. [t will be understood that each block or opera-
tion of the flowcharts, and/or combinations of blocks or
operations in the flowcharts, can be implemented by various
means. Means for implementing the blocks or operations of
the flowcharts, combinations of the blocks or operations in
the flowcharts, or other functionality of example embodi-
ments of the present invention described herein may include
hardware, alone or under direction of one or more computer
program code instructions, program instructions or execut-
able computer-readable program code instructions from a
computer-readable storage medium. In this regard, program
code instructions may be stored in memory, and executed by
a processor.
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As will be appreciated, any suitable program code instruc-
tions may be loaded onto a computer or other programmable
apparatus (e.g., processor, memory, or the like) from a com-
puter-readable storage medium to produce a particular
machine, such that the particular machine becomes a means
for implementing the functions specified in the flowcharts’
block(s) or operation(s). These program code instructions
may also be stored in a computer-readable storage medium
that can direct a computer, a processor or other programmable
apparatus to function in a particular manner to thereby gen-
erate a particular machine or particular article of manufac-
ture. The instructions stored in the computer-readable storage
medium may produce an article of manufacture, where the
article of manufacture becomes a means for implementing the
functions specified in the flowcharts’ block(s) or operation(s).
The program code instructions may be retrieved from a com-
puter-readable storage medium and loaded into a computer,
processor, or other programmable apparatus to configure the
computer, processor, or other programmable apparatus to
execute operations to be performed on or by the computer,
processor, or other programmable apparatus. Retrieval, load-
ing, and execution of the program code instructions may be
performed sequentially such that one instruction is retrieved,
loaded, and executed at a time. In some example embodi-
ments, retrieval, loading and/or execution may be performed
in parallel such that multiple instructions are retrieved,
loaded, and/or executed together. Execution of the program
code instructions may produce a computer-implemented pro-
cess such that the instructions executed by the computer,
processor, or other programmable apparatus provide opera-
tions for implementing the functions specified in the flow-
charts’ block(s) or operation(s).

Accordingly, execution of instructions associated with the
blocks or operations of the flowcharts by a processor, or
storage of instructions associated with the blocks or opera-
tions of the flowcharts in a computer-readable storage
medium, supports combinations of operations for performing
the specified functions. It will also be understood that one or
more blocks or operations of the flowcharts, and combina-
tions of blocks or operations in the flowcharts, may be imple-
mented by special purpose hardware-based computer sys-
tems and/or processors which perform the specified
functions, or combinations of special purpose hardware and
program code instructions.

Many modifications and other embodiments of the inven-
tions set forth herein will come to mind to one skilled in the art
to which these inventions pertain having the benefit of the
teachings presented in the foregoing descriptions and the
associated drawings. Therefore, it is to be understood that the
inventions are not to be limited to the specific embodiments
disclosed and that modifications and other embodiments are
intended to be included within the scope of the appended
claims. Moreover, although the foregoing descriptions and
the associated drawings describe example embodiments in
the context of certain example combinations of elements and/
or functions, it should be appreciated that different combina-
tions of elements and/or functions may be provided by alter-
native embodiments without departing from the scope of the
appended claims. In this regard, for example, different com-
binations of elements and/or functions other than those
explicitly described above are also contemplated as may be
set forth in some of the appended claims. Although specific
terms are employed herein, they are used in a generic and
descriptive sense only and not for purposes of limitation.

What is claimed is:

1. An apparatus comprising a processor configured to at
least perform or cause the apparatus to at least perform:
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receiving a representation of a codeword that includes a
plurality of bits;

associating the bits with a respective plurality of one-bit
hard-bit values and multiple-bit soft-bit values, the hard-
bit values being initially set according to the represen-
tation of the codeword and representing the bits of the
codeword, and the soft-bit values representing measures
of reliability of respective hard-bit values; and

updating at least some of the hard-bit values or soft-bit
values of the bits including for each of a plurality of
iterations, computing an updated hard-bit value or soft-
bit value of one or more bits of a respective subset of the
bits as a function of current hard-bit values of the bits of
the subset, and the current hard-bit value and soft-bit
value of the respective bit,

wherein for two iterations in which the current hard-bit
value for each bit of a subset of the bits for both iterations
is the same, and in which the current soft-bit value for
each bit of the subset for both iterations is the same, the
updated hard-bit value or soft-bit value computed for
any bit of the subset during one of the two iterations is
the same as the updated hard-bit value or soft-bit value
computed for the respective bit during the other of the
two iterations.

2. The apparatus of claim 1, wherein the apparatus is a

memory system, the memory system further comprising:

a plurality of non-volatile storage elements configured to
store the codeword, the representation of the codeword
being received from the non-volatile storage elements.

3. The apparatus of claim 1, wherein updating at least some
of'the hard-bit values or soft-bit values of the bits includes for
each of the plurality of'iterations, computing updated hard-bit
values and soft-bit values of the bits of a respective subset of
the bits as a function of current hard-bit values and soft-bit
values of the bits of the subset.

4. The apparatus claim 1, wherein computing the updated
hard-bit value or soft-bit value of one or more bits of the
subset of the bits comprises: computing one or more update
values for the subset of the bits as a function of the current
hard-bit values of the bits of the subset, one of the update
values being common to more than one of the bits of the
subset of bits; and

updating the hard-bit value or soft-bit value of each bit of
the subset of the bits according to only an update value of
the one or more update values, and the current hard-bit
value and soft-bit value of the respective bit.

5. The apparatus of claim 4, wherein the codeword is sub-
ject to a plurality of parity-check equations each of which
includes participating bits corresponding to the bits of a
respective subset of bits, each bit of the codeword participat-
ing in one or more parity-check equations defining in number
a degree of the bit,

wherein computing one or more update values comprises
computing one or more update values for the participat-
ing bits of a respective parity-check equation, the bits of
the codeword over the plurality of iterations having a
plurality of update values, and

wherein for the plurality of iterations, a total storage for
storing the hard-bit values, soft-bit values and update
values of the bits of the codeword is proportional in
number to the number of bits of the codeword, and is
fewer than the product of the number of bits of the
codeword and average degree of the bits of the code-
word.

6. The apparatus of claim 4, wherein the codeword is sub-

ject to a plurality of parity-check equations each of which
includes participating bits corresponding to the bits of a
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respective subset of bits, each bit of the codeword participat-
ing in one or more parity-check equations defining in number
a degree of the bit,
wherein computing one or more update values comprises
computing one or more update values for the participat-
ing bits of a respective parity-check equation, the bits of
the codeword over the plurality of iterations having a
plurality of update values, and

wherein for the plurality of iterations, a total storage for

storing the hard-bit values, soft-bit values and update
values of the bits of the codeword is proportional in
number to the sum of the number of bits of the codeword
and the number of parity-check equations of the code-
word, and is fewer than the product of the number of bits
of the codeword and average degree of the bits of the
codeword.

7. The apparatus of claim 4, wherein computing one or
more update values comprises computing one update value
common to all of the bits of the subset of bits, and

wherein updating the hard-bit value or soft-bit value of

each bit of the subset of the bits comprises updating the
hard-bit value or soft-bit value according to only the
update value common to all of the bits, and the current
hard-bit value and soft-bit value of the respective bit.

8. The apparatus of claim 4, wherein computing one or
more update values for the subset of the bits comprises com-
puting a plurality of update values less in number than bits of
the subset of the bits, each bit of the subset of bits being
associated with one of the update values, and

wherein updating the hard-bit value or soft-bit value of

each bit of the subset of the bits comprises updating the
hard-bit value or soft-bit value according to only the
associated update value, and the current hard-bit value
and soft-bit value of the respective bit.

9. The apparatus of claim 4, wherein the bits of a subset of
the bits are participating bits of a parity-check equation,

wherein computing one or more update values comprises

computing one or more update values for the participat-
ing bits of the parity-check equation, the one or more
update values each reflecting whether or not the parity-
check equation is satisfied,
wherein updating the hard-bit value or soft-bit value com-
prises updating the hard-bit value or soft-bit value of each
participating bit of the parity-check equation according to
only an update value of the one or more update values, and the
current hard-bit value and soft-bit value of the respective bit.

10. The apparatus of claim 9, wherein computing one or
more update values comprises computing one or more update
values each of which reflects an increase in the current soft-bit
value of the participating bits of the parity-check equation in
an instance in which the parity-check equation is satisfied, or
a decrease in the current soft-bit value of the participating bits
of the parity-check equation in an instance in which the par-
ity-check equation is not satisfied.

11. The apparatus of claim 10, wherein in an instance in
which the parity-check equation is satisfied, updating the
hard-bit value or soft-bit value of each participating bit of the
parity-check equation includes maintaining the current hard-
bit value of the participating bit, and in an instance in which
the current soft-bit value of the participating bit is below a first
threshold, computing an updated soft-bit value by increasing
the current soft-bit value,

wherein in an instance in which the parity-check equation

is not satisfied, updating the hard-bit value or soft-bit
value of each participating bit of the parity-check equa-
tion includes computing an updated soft-bit value of the
participating bit by decreasing the current soft-bit value
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of'the participating bit in an instance in which the current
soft-bit value is below the first threshold, and

wherein in an instance in which the parity-check equation
is not satisfied, updating the hard-bit value or soft-bit
value of each participating bit further includes comput-
ing an updated hard-bit value for the participating bit by
computing the logical complement of the current hard-
bit value of'the participating bit, and computing a further
updated soft-bit value for the participating bit by com-
puting the logical two’s complement of the updated
soft-bit value of the participating bit, in an instance in
which the updated soft-bit value of the participating bit
is below a second threshold.

12. The apparatus of claim 11, wherein computing the
further updated soft-bit value further includes subtracting a
predefined number from the logical two’s complement of the
updated soft-bit value.

13. The apparatus of claim 11, wherein one or more of the
participating bits are less reliable bits having soft-bit values
indicating less reliability than other participating bits,

wherein increasing the current soft-bit value includes
increasing the current soft-bit value by a first number in
an instance in which the participating bit is one of the
less reliable bits, or otherwise increasing the current
soft-bit value by a second, different number, and

wherein decreasing the current soft-bit value includes
decreasing the current soft-bit value by a third number in
an instance in which the participating bit is one of the
less reliable bits, or otherwise decreasing the current
soft-bit value by a fourth, different number.

14. An apparatus comprising a processor configured to at
least perform or cause the apparatus to at least perform:

receiving a representation of a codeword that includes a
plurality of bits, wherein

the codeword is subject to a plurality of parity-check equa-
tions each of which includes participating bits corre-
sponding to a respective plurality of the bits of the code-
word, each bit of the codeword participating in one or
more parity-check equations;

associating the bits with a respective plurality of one-bit
hard-bit values that are initially set according to the
representation of the codeword and representing the bits
of the codeword; and

updating at least some of the hard-bit values of the bits
including for each of a plurality of iterations, computing
for each bit and in number the one or more of the parity-
check equations in which the bit participates that are not
satisfied, and computing an updated hard-bit value of a
bit according to a current hard-bit value of the bit and the
number of the one or more parity-check equations in
which the bit participates that are not satisfied.

15. The apparatus of claim 14, wherein the apparatus is a

memory system, the memory system further comprising:

a plurality of non-volatile storage elements configured to
store the codeword, the representation of the codeword
being received from the non-volatile storage elements.

16. The apparatus of claim 14, wherein computing the
updated hard-bit value of the bit includes computing the
logical complement of the current hard-bit value of the bit in
an instance in which the number of the one or more parity-
check equations in which the bit participates that are not
satisfied is above a predetermined threshold.

17. The apparatus of claim 14, wherein for each bit the one
or more parity-check equations in which the bit participates
define in number a degree of the bit, and
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wherein the predetermined threshold is a function of a
degree of the bit, with bits of different degrees having
different predetermined thresholds.

18. The apparatus of claim 14, wherein for each iteration,
updating at least some of the hard-bit values includes com-
puting the updated hard-bit value for only a less reliable one
of the bits, the respective less reliable bit being identified
according to a comparison of reliabilities of the bits, the
reliability of each bit being computed as a function of the
number of the one or more parity-check equations in which
the bit participates that are not satisfied.

19. The apparatus of claim 18, wherein for each bit the one
or more parity-check equations in which the bit participates
define in number a degree of the bit, and for each parity-check
equation, the number of participating bits defines in number a
degree of the parity-check equation, and

wherein the reliability of each bit is computed further as a
function of the degree of the bit, an average degree of the
one or more parity-check equations in which the bit
participates, and a probability of the bit to be in error.

20. A method comprising:

receiving a representation of a codeword that includes a
plurality of bits;

associating, by a memory controller, the bits with a respec-
tive plurality of one-bit hard-bit values and multiple-bit
soft-bit values, the hard-bit values being initially set
according to the representation of the codeword and
representing the bits of the codeword, and the soft-bit
values representing measures of reliability of respective
hard-bit values; and

updating, by the memory controller, at least some of the
hard-bit values or soft-bit values of the bits including for
each of a plurality of iterations, computing an updated
hard-bit value or soft-bit value of one or more bits of a
respective subset of the bits as a function of current
hard-bit values of the bits of the subset, and the current
hard-bit value and soft-bit value of the respective bit,

wherein for two iterations in which the current hard-bit
value for each bit of a subset of the bits for both iterations
is the same, and in which the current soft-bit value for
each bit of the subset for both iterations is the same, the
updated hard-bit value or soft-bit value computed for
any bit of the subset during one of the two iterations is
the same as the updated hard-bit value or soft-bit value
computed for the respective bit during the other of the
two iterations.

21. The method of claim 20, wherein updating at least some
of'the hard-bit values or soft-bit values of the bits is performed
by an apparatus including a processor configured to at least
update at least some of the hard-bit values or soft-bit values of
the bits.

22. The method of claim 20 performed by a memory sys-
tem comprising a plurality of non-volatile storage elements
configured to store the codeword, the representation of the
codeword being received from the non-volatile storage ele-
ments.

23. The method of claim 20, wherein updating at least some
of'the hard-bit values or soft-bit values of the bits includes for
each ofthe plurality of iterations, computing updated hard-bit
values and soft-bit values of the bits of a respective subset of
the bits as a function of current hard-bit values and soft-bit
values of the bits of the subset.

24. The method of claim 20, wherein computing the
updated hard-bit value or soft-bit value of one or more bits of
the subset of the bits comprises:

computing one or more update values for the subset of the
bits as a function of the current hard-bit values of the bits
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of the subset, one of the update values being common to
more than one of the bits of the subset of bits; and

updating the hard-bit value or soft-bit value of each bit of
the subset of the bits according to only an update value of
the one or more update values, and the current hard-bit
value and soft-bit value of the respective bit.

25. The method of claim 24, wherein the codeword is
subject to a plurality of parity-check equations each of which
includes participating bits corresponding to the bits of a
respective subset of bits, each bit of the codeword participat-
ing in one or more parity-check equations defining in number
a degree of the bit,

wherein computing one or more update values comprises

computing one or more update values for the participat-
ing bits of a respective parity-check equation, the bits of
the codeword over the plurality of iterations having a
plurality of update values, and

wherein for the plurality of iterations, a total storage for

storing the hard-bit values, soft-bit values and update
values of the bits of the codeword is proportional in
number to the number of bits of the codeword, and is
fewer than the product of the number of bits of the
codeword and average degree of the bits of the code-
word.

26. The method of claim 24, wherein the codeword is
subject to a plurality of parity-check equations each of which
includes participating bits corresponding to the bits of a
respective subset of bits, each bit of the codeword participat-
ing in one or more parity-check equations defining in number
a degree of the bit,

wherein computing one or more update values comprises

computing one or more update values for the participat-
ing bits of a respective parity-check equation, the bits of
the codeword over the plurality of iterations having a
plurality of update values, and

wherein for the plurality of iterations, a total storage for

storing the hard-bit values, soft-bit values and update
values of the bits of the codeword is proportional in
number to the sum of the number of bits of the codeword
and the number of parity-check equations of the code-
word, and is fewer than the product of the number of bits
of the codeword and average degree of the bits of the
codeword.

27. The method of claim 24, wherein computing one or
more update values comprises computing one update value
common to all of the bits of the subset of bits, and

wherein updating the hard-bit value or soft-bit value of

each bit of the subset of the bits comprises updating the
hard-bit value or soft-bit value according to only the
update value common to all of the bits, and the current
hard-bit value and soft-bit value of the respective bit.

28. The method of claim 24, wherein computing one or
more update values for the subset of the bits comprises com-
puting a plurality of update values less in number than bits of
the subset of the bits, each bit of the subset of bits being
associated with one of the update values, and

wherein updating the hard-bit value or soft-bit value of

each bit of the subset of the bits comprises updating the
hard-bit value or soft-bit value according to only the
associated update value, and the current hard-bit value
and soft-bit value of the respective bit.

29. The method of claim 24, wherein the bits of a subset of
the bits are participating bits of a parity-check equation,

wherein computing one or more update values comprises

computing one or more update values for the participat-
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ing bits of the parity-check equation, the one or more
update values each reflecting whether or not the parity-
check equation is satisfied,
wherein updating the hard-bit value or soft-bit value com-
prises updating the hard-bit value or soft-bit value of
each participating bit of the parity-check equation
according to only an update value of the one or more
update values, and the current hard-bit value and soft-bit
value of the respective bit.
30. The method of claim 29, wherein computing one or
more update values comprises computing one or more update
values each of which reflects an increase in the current soft-bit
value of the participating bits of the parity-check equation in
an instance in which the parity-check equation is satisfied, or
a decrease in the current soft-bit value of the participating bits
of the parity-check equation in an instance in which the par-
ity-check equation is not satisfied.
31. The method of claim 30, wherein in an instance in
which the parity-check equation is satisfied, updating the
hard-bit value or soft-bit value of each participating bit of the
parity-check equation includes maintaining the current hard-
bit value of the participating bit, and in an instance in which
the current soft-bit value of the participating bit is below a first
threshold, computing an updated soft-bit value by increasing
the current soft-bit value, and
wherein in an instance in which the parity-check equation
is not satisfied, updating the hard-bit value or soft-bit
value of each participating bit of the parity-check equa-
tion includes computing an updated soft-bit value of the
participating bit by decreasing the current soft-bit value
of'the participating bit in an instance in which the current
soft-bit value is below the first threshold, and
wherein in an instance in which the parity-check equation
is not satisfied, updating the hard-bit value or soft-bit
value of each participating bit further includes comput-
ing an updated hard-bit value for the participating bit by
computing the logical complement of the current hard-
bit value of the participating bit, and computing a further
updated soft-bit value for the participating bit by com-
puting the logical two’s complement of the updated
soft-bit value of the participating bit, in an instance in
which the updated sofi-bit value of the participating bit
is below a second threshold.
32. The method of claim 31, wherein computing the further
updated soft-bit value further includes subtracting a pre-
defined number from the logical two’s complement of the
updated soft-bit value.
33. The method of claim 31, wherein one or more of the
participating bits are less reliable bits having soft-bit values
indicating less reliability than other participating bits,

wherein increasing the current soft-bit value includes
increasing the current soft-bit value by a first number in
an instance in which the participating bit is one of the
less reliable bits, or otherwise increasing the current
soft-bit value by a second, different number, and

wherein decreasing the current soft-bit value includes
decreasing the current soft-bit value by a third number in
an instance in which the participating bit is one of the
less reliable bits, or otherwise decreasing the current
soft-bit value by a fourth, different number.
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34. A method comprising:

receiving a representation of a codeword that includes a
plurality of bits, wherein the codeword is subject to a
plurality of parity-check equations each of which
includes participating bits corresponding to a respective
plurality of the bits of the codeword, each bit of the
codeword participating in one or more parity-check
equations;

associating, by a memory controller, the bits with a respec-

tive plurality of one-bit hard-bit values that are initially
set according to the representation of the codeword and
representing the bits of the codeword; and

updating, by the memory controller, at least some of the

hard-bit values of the bits including for each of a plural-
ity of iterations, computing for each bit and in number
the one or more of the parity-check equations in which
the bit participates that are not satisfied, and computing
an updated hard-bit value of a bit according to a current
hard-bit value of the bit and the number of the one or
more parity-check equations in which the bit partici-
pates that are not satisfied.

35. The method of claim 34, wherein updating at least some
of'the hard-bit values of the bits is performed by an apparatus
including a processor configured to at least update at least
some of the hard-bit values or soft-bit values of the bits.

36. The method of claim 34 performed by a memory sys-
tem comprising a plurality of non-volatile storage elements
configured to store the codeword, the representation of the
codeword being received from the non-volatile storage ele-
ments.

37. The method of claim 34, wherein computing the
updated hard-bit value of the bit includes computing the
logical complement of the current hard-bit value of the bit in
an instance in which the number of the one or more parity-
check equations in which the bit participates that are not
satisfied is above a predetermined threshold.

38. The method of claim 34, wherein for each bit the one or
more parity-check equations in which the bit participates
define in number a degree of the bit, and

wherein the predetermined threshold is a function of a

degree of the bit, with bits of different degrees having
different predetermined thresholds.

39. The method of claim 34, wherein for each iteration,
updating at least some of the hard-bit values includes com-
puting the updated hard-bit value for only a less reliable one
of the bits, the respective less reliable bit being identified
according to a comparison of reliabilities of the bits, the
reliability of each bit being computed as a function of the
number of the one or more parity-check equations in which
the bit participates that are not satisfied.

40. The method of claim 39, wherein for each bit the one or
more parity-check equations in which the bit participates
define in number a degree of the bit, and for each parity-check
equation, the number of participating bits defines in number a
degree of the parity-check equation, and

wherein the reliability of each bit is computed further as a

function of the degree of the bit, an average degree ofthe
one or more parity-check equations in which the bit
participates, and a probability of the bit to be in error.
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